UNCLASSIFIED

AD NUMBER

AD007413

LIMITATION CHANGES

TO:

Approved for public release; distribution is
unlimted.

FROM:

Di stribution authorized to DoD only;

Adm ni strative/ Operational Use; DEC 1952. O her
requests shall be referred to Ofice of Naval
Research, Arlington, VA 22203. Pre-dates fornal
DoD distribution statenents. Treat as DoD only.

AUTHORITY

ONR Itr dtd 9 Nov 1977

THISPAGE ISUNCLASSIFIED



UNCLASSIFTED

AD o

DEFENSE DOCUMENTATION CENTER

FOR
SCIENTIFIC AND TECHNICAL INFORMATION

CAMERON STATION ALEXANDRIA. VIRGINIA

DOWNGRADED AT 3 YEAR INTERVALS:
DECLASSIFIED AFTER 12 YEARS
DCD DIR 520010

UNCLASSIFIED



THIS REPORT HAS BEEN DECLASSIFIED
AND CLEARED FOR PUBLIC RELEASE.

DISTRIBUTION A
APPROVED FOR PUBLIC RELEASE;
DISTRIBUTION UNLIMITED.




Sn; TL,.

;i”. i3 UNIVERS 134

vii Engineering

MA&YU\N_D
D@Q. "mg'”, :

1952 -

o1 el

Sy




THE JOHNS HOPKINS UNIVERSITY
Department of Civil Engineering
BALTIMORE, MARYLAND
December, 1952

THE STEADY MOTION OF A
SYMMETRICAL OBSTACLE
ALCNG THE AXIS OF
A ROTATING FLUID

By Robert R. Long

Technical Report No. ]

*

Sponsored by

THE OFFICE OF NAVAL RESEARCH

The r1esearch reported in this document wos supported by The Office
of Naval Reseorch undar Project NR 082.104, Controct N-onr-248(31).

3‘3 7 114(}313

&4

|

i P 2£3( 3/,)




L i N APV ks S NRT IR R Ik AP T ey s

T
A
Y

¥

TR

TN A B S S

e A

N

b e

\
it amtpiobgf vy e

itk
g

L

THE STEADY MOTION OF &4 SYMMETRICAL
OBSTACLE ALONG THE AXIS OF A

ROTATING FLUID

s ABSTRACT

An investig_stion by G. I. Taylor of the steady motic;n of an obstaéle along
the axis of é“'.i'.otating. fluid, is extended in the following paper. It is shown
that Taylor's particuvlar solution is just one of an infinity of functions i
comprising the Jgenei’-’a:l -so—luti_on. |

The thed;-Sr is applied to motions in a rotating cylinder of fluid, A
critical Rosshy number is derived, below which the flow around the 6bs1:ac1e is

ve—like When the Rossby nwnber is greater than the critical value, the flow

‘consists only of & local pertufba‘tion that dies out rapldly on both 51des of the

obstacle. Varlous othel cr1t1ca1 mumbers exist, below whlch additlonal modes
of oscillation become dy'namlcally possible. o
An experiment was designed to test the theore’cical results of this paper.

An obstacle was moved along the axis of a long cylinder of rctating water., The

resulting flow patterns were observed visually and photographically. The three—

dimensional wave motions which occurred in the experiment were unguestionshly

'~ the same as those in the theoretical solution.
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THE STEADY “(TION OF A SY."ETRICAL CB3TACLE AILCNG i
THE AXIS CF A RCTATIIC #TUD

1, Introductior

In a series of rapers written a number of yeurs ago, Taylor {1920, 1922,
1923), Proudman (1916), and Grace (1922, 1923, 1924, 1926) investigated the
problem of the motion of a perfect, rotating fluid around obstacles (especially
spheres). This work has acquired renewed irterest in the recent work of “organ
(1951) end Stewartson (1952).

With the excention of Taylar, the nroblem is of acadenic interest alone
to the abtove authors, Indeed, it revresents a fascinating challenge for the
cxtension of the investigations of classical hydrodynamics to an area that is
almost unexplored., If the oroblem had no other importance, the present vaper

should, no doubt, have been submitted to ‘he Proceedings of the Royal Society

of Lordon in which aimost all of the above researches have abveared, It is
almost obvious that this is not, ar should not be, the case, Certainiy all
meteorologists are agreed that the moderate and large-scale motions of the
atmosphere are wrofoundly influenced by the vorticity of the earth's rotation,
It would seem to be evident, then, that effarts to understand these phenomena
should begin with studies of flow of a rctating fluld around elementary bodies,
The motinn of an irrotational liquid .:vumd a schere is discussed in an early
chapter of lLamb's Hydrodynamics, and Stokes' solution Tor viscous flow around a
sphere was one of the first investigations hased on the Navier-Stokes eocuations
of motion,

It is unfortunate that basic investirations of a rotating fluid are infre-
quent in meteorological literature, The reswlting lack of ‘kpov‘ledge of the most
fundsmentsl effects of rotation un fluld motions tas been a Jdistinct handicsp in
current efforts to proauce laboratory models of atmospheric phenomena. These

difficulties are discussec in a series of papers (Long, 1951, Long, 1952a, Fultz

ard Long, 1951)- | h ' |
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One of the most interesting of these basic trnblems to a meteorologist is the
motion of an obstacle in n rotating fluid ir a direction ncrnendicular to the axis
of rotation, This motion would nave analogies to the effect of mountain barriers
on the sver-vresent zonal currents in the earth's atmosphere,

Efforts in this direction have not oroved to be particulerly successful,
however, 8since the analysis is ver;y comvlicated, The steady motion of a solicre
along the axis of & rotating :luic, as aralysed by Taylor (1922), is simpler amd
his results were the only ones that d'2 riot require the assumption of infinitesimally
small motions, As shown below, Taylor's zolution is only ore of an infinite_sum of
functions which comprise the general solution, and he was unable, therefore, to
obtain a vhysically realizable flow vattern. In the vresent vaper, section 2 is
devcted tc a further theoretical aiscussion of this problem. An experiment to test

the theory is described in section 3.

2. General solution

Figure 1 is a sketch of the coordinate system used in the theoreticsl develov-
ment of the flow around a symmetrical obstacle moving steadily along the axis of a
rotating fluid., The x-axis is along the axis cf rotation, end velocities in this
direction are denoted by u. The comnonent of the velocity outward is v, and w is
the component of the absolute velocity tangent to circles witk centers on the
x-axis. The center of the coordinate system is assumed to move with the obstacle
at a speed u,, so that the flcus with respect to this frame is steady. Obviously,
this requires the additional assumption that the fluid extends to irfinity in both
directions along the axis of rotation.

The velocity comoonents are

dx dp %f (1)
usaT' v:d" wzp r
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and the individual tire derivutive is

1=u-&-~t~ L4 (2)
- dr dx vdp ’

In (2) the vartial dertvative with resoect tc time is missing because of the sssumed
steady state, The derivative with reswect to ¢ is also zero since the motion will
be syrmmetrical about the x-axisl. The equations of motion and continuity for an

inccrmpressible, homogeneous fluid are

ﬂ_\f:_i(p_.,x,)‘ (3)
dt p dp Qq

:—;‘--6%(£+X), ()
:—:'¢ ?:o . (5)
%%+;E+-i—:0, (6)

vhere q is the (corstant) density, and x 1is the potential of the external forces
{gravity). The zquation of continuity, {6), reveals that we may express the velocity
components, u, v, by a stream function, ¥(x, p ), as follows:
u,_Li!. vel O¥ 7
P o p Ox
Equations (2) and (7) show that, {f a quantity is indi:idually conserved during the

mo%.ion, it is then e function only of the stream function, ¢ . Combining terms

This may be inferred from the fact that the equations cf motion amd continuity,
and the kinematic boundary corditions are invariant for transformations of ¢

to ¢ '+ const. This upplication of group theary (Birkhoff, 1950) is almost
trivial in this case.

g
v
Y




in (5) we fird that
wp=g(y) (€)

Ye determine the unknowm function, g( ¢ ), by assuming that at a sufficiently
'gr.eat disj;ance ahead of t_he obstacle the perturbed motion vanishes. This requires
that g( ¢ ) = Q p. 02, vhere p is the undlstt_u-bed distance of the stream line
from the axis of rotation. Similarly, ﬁom (7, 1! =iSelp /2 in a Lagrangian

- sense. Combining these results,

S -.'w='°-_* ’ ¢r'-'gﬁ . » (9)
- g 3 P - uO _'."'_ -

‘ If we define the following 'quantity:
_»' ' ; ¥ . (_10)

= *and\eliuunaj:e t.hefr;ght hand sides of (3) and (4) by cross dli‘i‘erentlation,

‘obtain ¥ (St =N
st ol ‘%7’%?‘9' o)
: ‘ . —:_ 0_:21 =>H(¢.)_; : ' o )

Ew_;aluating H( ¢ ) in a manner simila: to the determination of g( ¢ ) in (83,

£ + 2,¥ o up, = 3 :
s -0 . (13)
5 a’(Pz"'z)

The verticity component, € , may be expressed in terms of ¢ by using (7) and (10).

The following two equations then replace the origlnal set (3) (6):

Ny W, At s
. 2 : :
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W=ty | (14)



ey

o

or

e

10 Ry i e

T

I = S e o

e

Py i
The general solution is
U (A, coskx + B, sink 2.2, (16)
e % wcoskx + B, sinkx) J; [ o2k 5] .

In this equation J, is a Bessel function of the first kind. The Neunann function
becomes infinite on the axis of rotation ( p = 0) and hence is omitted.

Equation (15) may also be expressed in spherical cocrdinates by the relations

(see fig 1),

x=rcosf,  p=rsinf.

(17)
The corresvonding form of the solution is
ugrsin’ @ 1@ 5 =
e +br)1n§;sunBPn(cose)[AnJ,,,_.(crr)+B,,J_,,_%br)]. (13)
= 2

The Bessel functions are those of the half-odd order and, as is well known, are
expressible in terms of elementary functions (Margenau and lfurphy, 1943).

1 "
Pn (coe 8 ) is an associated Legendre polynomial. The particular solution for

n=14is the solution obtained by Taylor,

~ Taylor experienced a difficulty in anplying his one solution to the case of

the flow around a snhere in a rotating fluid extending to infinity in 811 directions.

The kinematic condition at the obstacle and the condition that the perturbation
vanish at infinity determined only one of the two constants at hie disposal, ard

he was left with an indeterminate problem, The fact that the present paper adds
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a new infinity of solutions would seem to be a further complication. Experience
with other problems of a similar nature indicates that this is not the case
(Rayleigh 1883, Lyra 1943, Long 1952b). In these references fluid systems sr=
considersd in which obstacles set up waves in a current passing over or around
them. In gll cases the same indeterminacy is found. The first investigation of
this phenom;non was rhade by Rayleigh, who discovered that the introduction of
viscdsity in the eguations of motion removed the indeterminacy. Then, letting
the frictional coefficient tend to zeré, the solution is unique and involves a
compliete dggg. ing of the 'up_éf.rea.m waves, - The fesg‘iting asymptotic solucion,

! calleq thé' "_pfég:ti_cal .soi'ixtion_" by Lamb 7(.1932)-, is the one that is .realized in
actusl: expopiments (Bakhmeteff, 1932). Applying this to (18), all the remalning
cons‘é,;u:i_;_s_ wouid .be'raquired to annul the'\'".ups.tream“ oscillations. The experimental
work descri_bech in this paper -verifies that no waveé occur in gdvance of the. obstacle
(see fig 9): i :

A_ltho._ygl“. (16) or .(1_8)__.repres_ents the general ;olutz}on for the motion considered
in this mper, “thete aFe gf;aat difficulties in finding & solution that satisfies
aell tﬁe ‘conditions in -a. éi_v_en ;spec'ial.-case. Even for a sphere moving in an unlimited
fluid the problem of choosing the coefficients of the Bessel fumctions in (ié) so
as to annul the ‘"upstream" waves, seems prohibitively complicated. If the cylinder -
has a finite radius, the difficulties are even greater. Yet the complete solution.
for a simple type of obstacle is greatly to be desired in order to ascertain its
behavior as the parane ter a'. tends to infinity (i.e. u tends to zero). Taylor's
experiments and those reported in this paper show that an obstacle, moving very
slowly élbr'xg the axie, pushes a column of fluld ahead of it with 1little disturbance
in the fluid outside, This is one of the veculiarities in the behavior of a rotating
liquid and should be carefully studied.
i ZA'fairly good ic_le_a of the motion in.a cylinder of radius b may be inferred from

(26)« ' The .kimmf.ic 'cbnditi_on at the outer wall reguires that the Bessel function
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\k='52£’p“};:(A,,coslg,x*anmkﬂx)d,(z,,f) (19}

inhi L
e ﬁ;g;”(A,,cosh kX +8,sinhix) J, (2, b ).

where z are the values of the arguments cf Jl(z) vten this function is zero, 2y
18 3.8317, for examnle, and the others are given in Jehrks and Emde (1945). The

quanticy }:n is

'Sfl (,'-i{l)*l , (20)

and n 15 the 1a3t integer for which o> zn/b. Since each of the functions of x
in the sezond summation of (19) are non-oscillatory the sum must decrease steadily
to zero in both directions, This part of the solution, therefore, revresents a
local verturbation nesr the obstacle that presumably dies out rapidly "upstream”

and "downstream." Furthermore, if z. > ¢ b, the first summation in (19) is

1
absent and the gbstacle produces only a local disturbance, If zl < 0 b, waves

wil) be oroduced of length,
2

\ = b
"-(cb'z,,)*

(21)

*It is of interest to exvress the critical condition, dividing the oscillatory
motion from the non-oscilletory type of flow, in terms of the Rossby number,
R, = u/28b, It s

R.= 1 = ,261, (22)
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in terms of this parameter the first mode of oscillation has a length
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It is not surorising that for large Rossby numbers the obstacle should vroduce

‘n

1.

only a local verturbation. infinitely large Ro correspords to s vanishing, basic

angular velocity. The motion, therefore, should avproach notential flow as Ro~°ﬂ).
It is obvious from the differential equation (15) that it does so,

The waves thet occur when Ro < ,26]1 are the subject of the exmerimental study
described in the ﬁext section. ‘ithout sol§ing for the motion around a given

obstacle we cannot tell how the waves combine to give the total wave pattern. If~ g

n = 1, however, only oﬁe mode csn exist, and, sﬁfficiently far behind the obsfaqlg,

this wave should revresent the only sensible disturbed moiionr -ﬁéing-%he second -

zero of the function J,, the one-wave system should occur in the range, - 5

B 42 < R < 261, (24)

A plot of the wave length QS. Ra is: shown in fig o

i 2 The above discussion has referred only'to the comnonent of the velocity in
planes through the axis of the cylinder., The component, w, normal to these ﬁlanes
is given analyticslly in (14) or (16). Physically the meaning of (14} is that
‘each fluid ring (centered on the x-axis) conserves its éngular momentuﬁ during the
motion, Therefore, the ring slows down when expanding, and speeds up when con~
traéting, i,e. when v is rositive or negétive respectively. The result is a

three~dimensional oscillation which has a phase difference of one-quarter wave

~length when nrojected onplanes at right. angles,

, 3. Exveriments

Taylor's investigation of the problem of this paper included an éxperiment

with a light sohere pulled along the axis of a rotating cylinder of watef, _His : s .

results were very meager, however. No definite wave motion was seen, probebly

e e 0 e =
Tt ST s :
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oecause e wsed such & 3mell obstacle thit the wyves were not excited by the forced
verturbat’on.,  In view of this dericlency, ard of the new thecretical findings in
sectlior 2, it sermed 2dvisable to mare a8 Surther exoverimenta) stuwly,

Tre equinment constructel for tnis work is showr in fiz 3. Tre long cylinder
is 90 ::a in length and has an inner ‘lameter of 29 c¢m, 7Tre obstacle, shown in
rosition at the axis, is a snhere with an attached cone to form a tapered trailing
edge, The purnose of this is to ninimize the 2ffect of bourdury layer separation,
Th; spherical head hzc a radius cf 3.8 cm and the entire obstacle haes an overzl)
length of 11.2 cm, The cylinder is mounted or a turntabie and roteted at a
uniform speed (usually 10 rpm). The vater assuies the angular velocity of the
vessel within & veriod of 15-20 minutes. The obstacle is lowered by a motor drive
into the water and along the axis of the cylinder., A scale, parallel to this axis,
is placed just outside of the cylinder to fscilitate the measurement of wave
lergths, In view of the dimensions used in fig 2, this length scale is in units
of b, the inside radius of the vessel (14.5 cm),

The problem of observing the flov in this exverinent is complicated by the
basic rotation and the fact that the motions are three-dimensional. The most
satisfactory trascer was s purple dye trail left by a dissolving pellet of
votassium permangenate dropmed into the water just before the descent «f the
obstacle along the axis, These pellets, when droroved in a cluster, leave a
group of dye filaments which remain parallel to the axis of rotation until
deformed by the.nassage of the obstacle. Since the filaments are material lines
they are the stream lines of the motion relative to a coordineste gystem moving
with the nbstacle and rotating with the cylinder. Photograohing these lines
necessarily projects the pattern on the nlane of the camera but the wave length
is preserved by this orojectiion, The three<iimensionnlity of the motion is
recorded by taking simultaneous picturea with two cameras at 9C deg-ees, It did
not seem to be necessary, however, to include both photograochs in the figures of

this paper,
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Fig. 3—Exverimental equipment. The long, glacc
cylinder is filled with water and rotated
at a constant angular velocity. The obstacle
is lowered at a uniform sreed along the exis

of rotation.
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The behaviar. of the dye pellets, when drooping through the water, is somewhat
erratic and there is considerable difficulty in foilowing a given filament ir a !
nhotogranh over an entire wave length. This lends some uncertainty to the

determination of the wave Jength in most of the photogravhs.

MEA XTI

Visual observations of the motion around the obstacle confirmed immediately

the preliminary theoretical deductions in section 2 of this paper. As the obstacle

avrroached a fluid ring, centered on the axis of rotation, it expanded to permit

I

its passage around the barrier. The requirement for conservation of angular
momentirn caused it to lose some of its basic angular velocity as shown by the
twistingrof the dye filaments in a direction opposite to the basic rotation. In
the lee of the obstacle the fluid ring performed n series of oscillationé; expand-
ing and contracting and losing and géining some of its svin around its axis,

Two complications have preveﬁted a detailed comparison of observed and

= o ; theoretical wave lengths, In the first place, the theoretical findings were

“Eased on the asswaption of an infiniteiy long cylinder. In ihe expefiment the

s vave length is aﬁ?anpreciablg_fraction of the cylinder 1ength..~It apoears from

s { the obsérvations that this causes a marked Qhorteningrof the wave nearest the free
: surface, -Secondly, in the viéinity_of the obstacle a local perturbation is added

to the free wave motion. This causes the first measured wave length in the lee

of the bérrier to be somewhat longer than the theoretical length, These two

factors make the measurement of the free wave length a subjective matter,

| especially for the longef.waves. The experiments leave little doubt, houeve;,

that the observed waves are the same as the theorstical oscillﬁtions. This is

shown rather convincingly in the phoiogranhs. : %

Tigure 4 is a photograph of the wave mofion at a low Rossby number (0.083), i

Tn this exveriment, as well as in figs 5 ard 6, Ro isina rangeﬂwhere moras than - - 3

; one mode of oscillation is possible, Ne?ertheless, the wave lengths approach {
gﬁ those given by equation (23). If the other modes exist they must have very small '5%
g ; 2

2
]
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aemplitudes, Figures 7 and 8 have higher Rossby numbers znd the waves are longer.
Yave motion is still evident at Rossby numbers above 0.171 but tliey are so long
that it is impoSsible to find one that is not affected by ths local perturbation
at the obstacle or by the vresence of the free surface,

Figure 9 is a photograuh‘showing'the notion well ahead of the obstacle.
As in all experiments, there is nu wave motion "upstream.,"

Finally brief meniién may be made of the flow at very low Rossb;” numbers.
If Ro is less than about 0.03 the exveriments indicate that an obstacle pushes
a columu cf fluid ahead of it as it moves along the axis;. The radius of this
column is indefinite but is somewhat smaller than the radius of the obstacle so
that some fluid still flows around the barrier. When tﬁe fluid rings converge on
the lee side a rather strong cyclonic vortex is formed theref Waves of sﬁall
amplitude and very short wave length can still be seen on the "downstream" side

of the .obstacle,
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Fig. 4—otion around an obstacle moving along the
axis of rotation of a long, rotating cylinder
of water. The Rossby mumber of inis exverimcnt
is 0,783, If the first mode of oscillation is
the only one rresent, the theoretical length of
the waves is 0.55b, The waves between the arrows
fave cuccessive jengths of, apvroximately, C.69b,
0.63p, ©,61b, .57, 0.53b.
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Fig. 5--Jave motion arouni an obctzcle in a long,
rotating c¢ylinder, The Rossby number in this
experiment is 0,101, The theoretical wave
length of the first mode of oscillation is
0.69b, The waves between the arrows have i
successive lengths of J,7Cb, 0,69b, G.069b, 2
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Ffig. 6—ave motion around ¢n obstacle in a long,
rotating cylinder. Th: Russby nunber in this
eymeriment is 0.138, “ne theoretical weve
length of the first node of cscillation is
1.02b. The waves be‘ween the srrows have
successive lenpths of *.25b ani J.02b,
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Fig, 7~-4ave motion arouwnxd an obstacle in a long,
rotating eylinder. The Rossby number in this
experiment is 0,153, The theoretical wavz
length i3 1.19b. The waves between the arrows
have successive lengths of 1.34b and 1.17b,
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Fig. 8--Wave motion in a long, rotating cylindex
of water, The Rossby number ip this exwer-
iment is 0,171, %he theoretical wave length
is 1,42k. The length of the wave between the
arrows is clo.e to this value, The shorten-
ing of the waves near the free surface is
quite evi‘ent,
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Fig. 9—lotion around an obstacle in a long, rotating

cylinder of water, This photograph shows thst
no wave nmotion occurs ahead of the obatacle.
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